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Chapter 3 

Timing, bursting, and cycling as 

corollaries of multiplex regulation of 

eukaryotic transcription 

Eukaryotic transcription depends on dozens of regulatory proteins. It is unclear 

how transcription is controlled in a robust and flexible manner. We show that 

equilibrium-binding mechanisms for gene regulation become ineffective if 

many regulatory signals are integrated. A cyclic ratchet mechanism does not 

suffer from these limitations. It involves the sequential assembly of small 

protein-complexes. After each assembly, covalent histone-modifications mark 

the current phase and sensitizes the chromatin for the assembly of the next 

complex. Even though the individual assembly steps are highly stochastic in 

duration, a sequence of them gives rise to remarkable precision of 

transcription-cycle durations. This mechanism explains how transcription 

cycles, lasting for tens of minutes, derive from regulatory proteins residing on 

chromatin for only tens of seconds. Transcription bursting is an inherent 

emergent feature of the transcription cycle. Bursty transcription by single cells 

can stay transiently in synchrony, which explains transcription cycling as 

observed experimentally. 
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3.1 Introduction 

Eukaryotic transcription depends on dozens of proteins, including transcription 

factors (TFs), nucleosome remodelers, and RNA polymerase II components 

(Berger, 2007; Li et al., 2007; Mellor, 2005; Narlikar et al., 2002; Perissi and 

Rosenfeld, 2005; Saha et al., 2006; Thomas and Chiang, 2006). It is much 

more complex than prokaryotic transcription (Barnard et al., 2004). Part of this 

complexity derives from the fact that DNA is wrapped around nucleosomes 

and organized into chromatin but another complicating factor is that many 

genes are under the control of multiple regulators.  

The complexity of transcription regulation appears to vary with the function of 

the gene: The regulatory regions of ‘house-keeping’ genes are often 

nucleosome–free (Weake and Workman) and maintain a permissive state 

(Hager et al., 2009). Genes involved in developmental transitions switch 

between off and on states under the control of multiple TFs (Ben-Tabou de-

Leon and Davidson, 2007), a control partially mediated by the epigenetic state 

of the respective chromatin region (van Driel et al., 2003). Conditionally-active 

genes can respond to multiple TFs that not only seem to induce RNA 

polymerase II complex assembly and activity but also modify the chromatin 

state of the gene’s regulatory region (Davidson, 2006). 

Regulation of gene activity is a dynamic process involving protein complex 

formation on chromatin and changes in nucleosome states (Kim and O'Shea, 

2008; Mao et al., 2010). Studies on the regulation of the PHO5 and GAL 

promoter in yeast
15,16

 indicate that nucleosome dynamics plays an important 

role in gene regulation (Bryant et al., 2008) Genome-wide analysis indicates 

the same for human transcription (Barski et al., 2007; Wang et al., 2008; Yen et 

al., 2012). In the off state, nucleosomes often mask regulatory DNA sequences 

that only become exposed after nucleosome remodelling. Hereby, promoters 

become transiently accessible to transcription factors and other factors, which 

then induce the assembly of the RNA polymerase on chromatin (Li et al., 

2007). This mechanism causes stochastic switching in gene activity, which 

have been shown to play an important role in transcription stochasticity (Blake 

et al., 2006; Blake et al., 2003; Lam et al., 2008). 

In a single cell, gene transcription occurs from a few sites simultaneously and, 

as a consequence, spontaneous differences in gene activity, due to inevitable 

molecular stochasticity, are not averaged out. This intrinsic transcription 
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stochasticity is masked by transcription studies at the cellular population level. 

Thus, the activity of a single gene is determined by a large number of 

stochastic events. Some of those events are thermodynamically reversible, such 

as protein complex assembly and DNA binding, whereas others are driven by 

Gibbs free energy potentials, e.g. covalent histone-modifications, nucleosome 

eviction, and transcription initiation after pre-initiation complex formation. 

Typically, the latter irreversible events lead to chromatin and nucleosome 

states that have a longer life-time than protein complex (dis-)assembly and 

protein residence times on chromatin and have been postulated to function as a 

molecular memory marking the current state of the transcription cycle (Reid et 

al., 2009).  

Transcription dynamics at the cell population level has been shown to proceed 

in an oscillatory or cycling fashion in some cases (Kangaspeska et al., 2008; 

Karpova et al., 2008; Metivier et al., 2008; Metivier et al., 2003; Saramaki et 

al., 2009). Transcription cycling occurred at time scales of tens of minutes (30-

60 minutes) (Karpova et al., 2008; Metivier et al., 2003), much more slowly 

than the protein dwell times on chromatin of up to 1 minute (Hager et al., 

2009). It is currently not understood whether these fast molecular (un-)binding 

events can cause such slow alterations in gene activity. In addition, the origin 

of oscillatory gene activity remains unclear. Lemaire et al. (Lemaire et al., 

2006) showed with a minimal model that the sequential assembly of protein 

complexes can in principle give rise to transient oscillatory gene activity, but 

whether more realistic stochastic transcription models give rise to such 

counter-intuitive dynamics remains unclear.  

Despite many recent experimental studies, an integrative dynamic picture of 

transcription initiation, integrating the time scales of nucleosome 

modifications, protein complex formation, RNA polymerase assembly, its 

escape from regulatory regions, mRNA elongation and mRNA concentration 

dynamics, is lacking. A generic aspect of gene expression in complex 

organisms is that it should be regulated by a great many factors. But how this is 

achieved is not clear. For instance, the concept that multiple protein factors 

each associate into a single gigantic reversible protein complex that activates 

transcription does not correspond with the prevailing transcription cycle 

perspective. The transcription cycle is an accepted view but much remains 

unclear. For instance, is the transcription cycle really required, i.e. does it 

perform better than the single reversible complex mechanisms as we find in 

prokaryotes? How well can the transcription cycle be regulated by many 
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factors? Do the stochastic dynamics of the transcription cycle model agree with 

single-cell and population-level studies on transcription when realistic kinetic 

parameters are considered? Are the second time scales of molecular events in 

agreement with transcription cycle duration of tens of minutes? 

In order to address the above issues we need a bottom up, molecules based 

approach.  We will here compare a number of transcription activation 

mechanisms in terms of their ability to be both fast enough and responsive to 

multiple factors.  We show that for mammalian transcription fully reversible 

transcription activation mechanisms would not suffice.  Only a transcription 

cycle model with irreversible ratchets is in agreement with diffusion 

limitations, the required multifactorial regulation and with the experimental 

data on transcription cycling and bursting.  

3.2 Results 

3.2.1 Reversible equilibrium-binding mechanisms for gene regulation 

become ineffective when many regulatory factors are involved 

We will first show that a simple design for gene regulation, based on 

independent equilibrium binding of regulatory factors to DNA/chromatin sites 

cannot function properly for eukaryotic genes. According to such an 

equilibrium-binding mechanism, individual binding sites for TFs and their co-

regulators saturate individual binding sites in a concentration-dependent 

manner. For a single TF, the transcription rate v depends on its concentration, 

T, as: 

     ( )  
 

    
    ( )  

 

    
      ( )  (3.1) 

Here “k” denotes the transcription rate constant, “KD” the affinity constant of 

the chromatin site for the TF and “f(x)” a function that describes the effect of 

other factors, such as RNA polymerase etc. We define the apparent 

transcription rate constant k’ as    ( ). The factor (T) denotes the saturation 

degree of the site with the TF.   
  is the effective concentration-independent 

dissociation constant, which equals the first order dissociation rate constant 

(kB) divided by the quasi first-order association rate constant (  
 ),   

  
  

 
 

  

   
 

  

  
 .  
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Figure 3.1. The saturation degree of binding sites of regulatory factors always 

exceeds the net saturation degree of the gene. For various net saturation degrees of 

the entire gene, i.e. Φ=0.25, 0.5, 0.95, and 0.9, the dependency of the saturation degree 

of single sites ϕ is plotted as function of the number of transcription factors involved. 

Inset shows the relationship between the sensitivity of a single TF and promoter 

saturation. 

 

For n TFs, the saturation of the gene  ( ) is defined as the product of the 

saturation of the individual TF-binding sites, 

 ( )  
 

   ∏
 

      
 

 
    ∏   (  )

 
     (3.2) 

This equation illustrates that saturation of each site by 50% leads to a much 

lower saturation degree for the gene: 

 ( )  (
 

 
)
 

 
 

 
.     

In order to achieve 75% of maximal gene activity, i.e.  ( )      , the 

binding process would need to be effectively irreversible:  in case the 

individual binding sites are equally saturated and n=12, the saturation degree of 

a single site should equal 98%, i.e.   (  )  √    
  

     . This means that 

  
  should equal ~0.02. Thus, the transcription factor concentration should 
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exceed the  by a factor of 50, which is an unrealistic situation. The 

tendency of requiring enhanced saturation of individual binding sites is shown 

in Figure 3.1.  

There exists also another limitation of equilibrium-binding models of gene 

regulation with many regulatory factors. The controllability of gene activity by 

TFs quickly reduces when many factors are involved. The sensitivity of the 

transcription rate to a specific factor depends on the extent of saturation of the 

gene with that factor,  

    

     
     (  )      (3.3) 

Equation 2 indicates that the saturation degree of individual sites, ϕi, increased 

with the number of regulatory factors to achieve the same net degree of 

saturation of the entire gene, Φ, relationship 3 shows that, in addition, the gene 

then loses sensitivity to regulators. Thus, genes become progressively harder to 

regulate when the number of regulatory factors increases. In the appendix, we 

show that this also cannot be solved by cooperative interactions between 

regulatory factors. Below, we will discuss alternative mechanisms for 

eukaryotic gene regulation that do not suffer from this limitation. 

3.2.2 Reversible assembly of large protein complexes can take tens of 

minutes 

Eukaryotic transcription depends on the reversible assembly of protein 

complexes on chromatin (Fuda et al., 2009; Weake and Workman). The 

assembly time of a single protein complex co-determines the transcription rate. 

We derived that assembly time of a protein complex as function of its size and 

reversibility. The mean assembly time for a protein complex of n factors, with 

identical kinetics, depends on the reversibility of complex formation (  
 ) and 

the first-order association rate constant (  
 ) (derived in Appendix),  

 ( )  
 

  
  ∑

 

  
 

   
   (  

 )       (3.4) 

The irreversible assembly time equals     
  for n identical factors, if factors 

have different association rate constants, this time is given by ∑       
  

   . In 

these equations,   
  denotes the effective first order rate constant (unit: 1/min) 

for the binding of a regulatory factor to a partially assembled complex. It 

equals the multiplication of a (diffusion-limited) second-order rate constant for  

KD
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Figure 3.2. Assembly time of protein complexes depends on reversibility and 

mechanism. A. Influence of the complex size and reversibility of complex formation 

on the assembly time for an ordered-sequential and reversible protein complex 

formation mechanism. The normalized assembly times, defined as the ratio of the 

assembly time of the reversible mechanism to the assembly time of the irreversible 

mechanism, are plotted. The different lines correspond to different values for the 

effective dissociation constant   
  as indicated by the numbers above the lines. B. The 

protein complex assembly time as function of the dimensionless dissociation constant 

of trimer formation for assembly mechanisms that differ in organization. In addition to 

the ordered irreversible assembly mechanism, four reversible mechanisms are 

considered for the assembly of a trimeric complex on chromatin as indicated by the 

diagrams on the right. They are compared to the irreversible ordered-sequential 

mechanism illustrated on top. The tendency to fall apart is captured by the apparent 

dissociation constant   
 . The inset gives the probability distribution of assembly 

times for the sequential-ordered reversible mechanism (at an apparent KD=0.1). The 

red dot gives the mean assembly time. 

A 

B 
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binding (unit: nM
-1 

min
-1

) with the (nuclear) concentration of the regulatory 

factor (unit: nM).   

Using these equations, we can estimate the irreversible and reversible assembly 

time of a protein complex composed out of 10 components. We take the 

volume of a eukaryotic cell as 3 pL and assume that 30% of this volume is 

occupied by the nucleus (Devlin et al., 2003). Then, 1000 transcription factors 

per nucleus (a realistic estimate) occur at a concentration of 1.67 nM. Protein-

chromatin association rates are about two orders of magnitude below the 

diffusion limit, which amounts to 0.02 nM
-1

s
-1

 (Politi et al., 2005). With these 

numbers,   
  equals ~2 min

-1
. This means that about twice per minute, 

transcription activation could take place if that activation depended only on a 

single TF. For a complex of 12 TFs assembling irreversibly in a defined 

sequence, the assembly time should then average to 6 minutes. Ficz et al. (Ficz 

et al., 2005) measured an off-rate constant (kB) of 2 min
-1

 for polycomb 

proteins from chromatin. This sets the dissociation equilibrium constant (  
 ) to 

1. This indicates that protein complex assembly is strongly reversible. 

Substituting these numbers into equation 4 gives for a complex of 2, 5, 7, 10, 

12, or 24 TFs assembly times of 1.5, 7.5, 14, 27.5, 39 and 150 min, 

respectively. Notably, for the complex size of 10 the assembly time is more 

than twice as high as the assembly time of a complex of five proteins. Clearly, 

these numbers indicate that protein complex formation on chromatin can be 

very slow and become potentially rate limiting for transcription rate. 

The delay in assembly due to frequent disassembly of a partially assembled 

complex derives from what we call ‘hesitation’. Division of the actual 

assembly time, (n), by the time for irreversible assembly of the complex, 

(n)/(n/kF), indicates the influence of reversibility and complex size on 

assembly time (Figure 3.2A): large complexes have very long assembly times 

and this effect becomes dramatic if the processes are more than half reversible, 

i.e. if effective dissociation constants favour dissociation. Already for an 

effective dissociation equilibrium constant of 2 the assembly time for a 

decameric complex is delayed by a factor of 100. This would make 

transcription activation take 7 hours rather than 5 minutes; clearly if substantial 

numbers of transcription factors are involved in the activation of transcription, 

the reversible mechanism may well become too slow for proper transcription 

functioning.  The assembly time also depends on the mechanism of assembly. 
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Figure 3.2B shows the normalized assembly time for five different assembly 

mechanisms; random mechanisms are the fastest.  

3.2.3 Batch assembly of partial complexes speeds up transcription 

initiation 

Fig. 3.2A shows that at high reversibility, the ratio of reversible versus 

irreversible assembly times increases drastically with the number of complex 

components.  Even for a   
  as low as 2, reversible assembly of 9 TFs is 100 

times slower than the irreversible assembly, whilst for a complex size of 3 it is 

only about 3 times slower. For an effective dissociation constant of 1, the 

reversible continuous formation of a complex composed out 24 proteins is 

much slower than the corresponding batch wise procedure. For instance, the 

sequential assembly of 6 complexes each composed out of 4 proteins is 5 times 

faster than assembly of a 24-protein complex,  i.e. (24)/6(4)=5 (for KD=1 and 

140 for KD=1.33). These calculations indicate that the requirement of many 

proteins on chromatin for transcription regulation should optimally proceed by 

the formation of a few small complexes in sequence or involve strongly 

irreversible binding, which is unlikely considering experimental data.  

This brings us to an important finding of this paper: to regulate the process of 

sequential formation of small protein complexes requires that some form of 

mark is made, for instance by way of covalent-histone modification of 

nucleosomes. Then, those marks can sensitize the local chromatin for the 

reversible assembly of the next batch of proteins. Marking the state of the 

transcription cycle, we will refer to ticking. The entire transcription cycle can 

then be viewed as an ordered sequence of reversible assembly events directed 

by histone marking. The entire cycle itself is essentially irreversible and the 

cycle resembles a molecular ratchet: it can ‘hesitate’ during the reversible 

assemble of the small protein complex but cannot return to a state where the 

previous set of proteins were assembling due to the histone mark. This batch-

wise mechanism has been suggested before (Reid et al., 2009) but it has never 

been deduced as a mechanism for enhanced and speed up of transcription 

regulation. 
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3.2.4 Emergence of the transcription cycle: turning transcription flexibly 

“on” and “off” 

In the previous section, we deduced that prompt gene activation through many 

factors requires a batch-wise mechanism of sequential protein complex 

formation directed by specific histone-modifications. This mechanism governs 

the activation of a gene from an off state to an on state. But how should the 

gene be turned off? This can be done in at least two ways, we follow the same 

mechanism in reverse back to the off state or we proceed along a new path 

according to the batch-wise mechanism to arrive at the off state. The former we 

will refer to as a (revertible) linear transcription mechanism and the latter as 

the transcription cycle mechanism.  

 

Figure 3.3. Various mechanisms for transcription activation by 12 TFs, with their 

efficacy. A. Inactive (unless mass action irreversible) but then irrevertible; B. active, 

but irrevertible; C. active, forward hesitant (unless mass action irreversible) but then 

irrevertible, because of hesitation on the reverse route; D. Active, forward hesitation 

removed, but again irrevertible; E. Active, revertible; but with reemerging hesitation 

problem. 

A

B

C

D

E
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We will discuss the possible revertible linear mechanisms first. One way to 

make the process of transcription activation revertible is to make it 

thermodynamically reversible. Then all the binding reactions of the individual 

regulatory factors should be reversible. This corresponds to the equilibrium 

transcription activation mechanism discussed above.  Fig. 3.3A shows this 

mechanism for the case where twelve transcription factors bind reversibly to 

the chromatin, producing the activated transcription complex (in green). (More 

than half-) reversible transcription activation by each of 12 TFs (  
 <1, see 

above) would lead to a transcription activity of less than 0.5
12

= 0.02% of 

maximal.  As we showed above, for the transcription complex to be more than 

75% active at steady state, the dimensionless dissociation equilibrium constant 

  
  should equal 0.024, which means that the transcription activation process 

would be 98 % irreversible (through mass action). To attain this degree of 

irreversibility at the concentration of TFs and value for the diffusion-limited 

second-order association rate-constant estimated above, the dissociation rate 

constants kB would have to equal 2*0.024 = 0.05 min
-1

; indicating that proteins 

should spend 20 minutes of chromatin, which is not in agreement with 

data.(Hager et al., 2009) Since, the assembly process is reversible with a bias in 

the direction of association, dissociation would then take too long a time. Thus, 

the mechanism of Fig. 3.3A is unfit for revertible transcription regulation. 

Fig. 3.3B makes the final step irreversible by coupling an exergonic reaction to 

it. This would increase steady state activation of the transcription complex at 

more reversible values of the dissociation constant. In this mechanism it would 

still not be possible to switch gene expression off though, unless a reverse 

irreversible step were added to the final association reaction (see Fig. 3.3C).  

The long chain of reversible reactions preceding the final irreversible activation 

step would still make transcription activation slow however (again because of 

the ‘hesitation’ phenomenon, see above) unless the reverse rate constants were 

be much smaller than the forward ones, but then it would take a very long time 

to switch the gene expression off. Above we showed that the hesitation 

problem could be alleviated by operating batch wise, as illustrated in Fig. 3.3D: 

every third reaction is irreversible here, by making its kB very slow.  Because 

in this mechanism gene expression could not be switched off, we added an 

antiparallel reverse irreversible process to each irreversible step (Fig. 3.3E).  At 

each point after an irreversible activation step in this mechanism there would 

be both a forward and a backward process at high rate: however, this would 

again lead to ‘hesitation’ and cause a major delay in the onset of transcription 
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activity.  We conclude that none of the schemes in Fig. 3.3 would lead to a 

strong transcription activation rapidly that could also be switched off rapidly 

(where rapid means within tens of minutes, as has been found experimentally 

(Metivier et al., 2003; Metivier et al., 2006)). 

An alternative to the linear schemes of Fig. 3.3 is a transcription cycling 

mechanism. In Fig. 3.4A four transcription factors associate irreversibly to and 

(a number of steps later) dissociate irreversibly from the response element, 

each reaction requires Gibbs free energy dissipation, provided by reactions 

such as ATP hydrolysis, to be coupled to the cycle. The covalent modifications 

of the histones are shown by the various symbols in the squares.  In the 

simplest irreversible cyclic mechanism, depicted in Fig. 3.4A, the regulatory 

factors dissociate according to the last-in, first-out principle. Consequently, the 

states in the upper part of the cycle are identical to states in the lower part and 

the mechanism condenses to Fig. 3.4B, which is essentially linear (cf. to 

Fig. 3.3E) and thereby unsuitable for revertible fast transcription activation 

(because it allows hesitation, see above).  In a mechanism that does not 

condense to a linear scheme, TFs dissociate on the basis of a first-in, first-out 

principle (Fig. 3.3C). All steps are irreversible here. This transcription 

activation-inactivation cycle is then characterized by two waiting times, one 

time needed to reach the active state, and one time required to return to the 

inactive state. For 12 TFs both association and dissociation would now be fast 

enough, i.e. some 6 minutes each.  Assuming that during the inactivation 

process the transcription process remains active, the fraction of the time that 

the transcription complex is in its active state becomes    (     ), with 

and 
 
as the activation and inactivation time, respectively. It follows that the 

RE would be in the fully activated state whenever the activation time is shorter 

than the inactivation time: this mechanism is able to attain much higher 

transcription activity than the equilibrium binding model, whilst its times for 

activation and inactivation are also much shorter. We emphasize that this result 

is only obtained for a large number of TFs. If only one or two TFs are 

involved, the equilibrium-binding model is also competent kinetically (see 

above). Whilst in Fig. 3.4C every step is irreversible, the cycle could also 

operate batch wise: one or a few regulatory factors could bind reversibly after 

which one would bind irreversibly, thereby fixing the information that all 

regulatory factors had bound (see Fig. 3.3D).  This would have the advantage 

of costing less Gibbs energy, without much reduction in temporal effectiveness 

(see above). Because of the covalent modification of the chromatin marking the 

t a
t i
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binding of regulatory factor A, the continued binding of this protein is 

unnecessary. A mechanism in which the chromatin is ‘ticked’ or ‘stamped’ 

upon the encounter of the chromatin with a regulatory factor however brief or 

long that encounter may be should work better. Fig. 3.3E shows a batch wise 

variant of this mechanism; equilibrium binding of a number of regulatory 

factors is followed by an irreversible modification of the chromatin.    

 

 

Figure 3.4. Cyclic mechanisms for transcription activation/inactivation, 

illustrated for 4 TFs.  A. Cyclic mechanism with irreversible association and 

dissociation of the TFs, first-in, last-out.  B.  The linear mechanism identical to A.  C.  

Feasible cyclic mechanism with sequential irreversible association and dissociation 

(first-in, last-out) of 4 TFs, each accompanied by the creation and later removal of a 

specific covalent modification of the chromatin.  D. Batch-wise cyclic mechanism 

only requiring half the covalent modifications of the chromatin.  E.  Ticking 

mechanism, in which transient association of the TFs suffices to cause irreversible 

ticking of the chromatin.  The green state represents the state that is conserved 

transcriptionally active. 

B

C

D E

CA
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We call the mechanism, in which some small number of proteins assemble into 

a complex on chromatin that is then “memorized” by an irreversible 

modification, after which another small number of proteins assemble followed 

by yet another irreversible stamping, the ‘ticking mechanism’. Quite some 

experimental evidence exists for the ticking mechanism, which we discuss in 

the Supplemental Information. 

3.2.5 Experimental evidence for the ticking mechanism 

The ticking mechanism described above is consistent with the wealth of 

experimental evidence for correlations of covalent modification of chromatin 

and chromatin remodelling with regulation of eukaryotic gene 

transcription.(Berger, 2007; Fuda et al., 2009; Hager et al., 2009; Li et al., 

2007; Mellor, 2005; Reid et al., 2009; Saha et al., 2006; Weake and Workman) 

The irreversible covalent modification of a chromatin site could serve as the 

ticking in our mechanism of the gene activation process.(Reid et al., 2009)  

There is also ample evidence for TFs forming complexes with each other and 

with co-factors that have “ticking activity”. One example is the PPARβ-RXRα 

heterodimer that forms a complex with the co-activator PGC1α, the histone 

acetyltransferase CBP and SRC1(Puigserver et al., 1999) (Fig. 3.5A). Another 

example is the repressive complex Mi-2/NurD that includes the ATP-

dependent remodeler Mi-2, the histone deacetylases HDAC1 and 2 and methyl 

CpG-binding protein MBD(Denslow and Wade, 2007), which can also bind 

repressive TFs(Chen et al., 2000; Denslow and Wade, 2007; Puigserver et al., 

1999).  Fig. 3.5B shows the first phase of the promoter cycle. The ticking 

corresponds to methylation of the histones at an arginine residue by the first 

protein complex.  A subsequent protein complex assembly onto the chromatin 

leads to the acetylation of a lysine.  A third complex formation induces 

chromatin remodelling.  With the three ticks, the on state of transcription is 

attained that is shown at the bottom of the diagram in Fig. 3.5B.  This is the 

state during which RNA polymerases are assembled into transcription 

competent complexes, prepared for TSS escape, and start the elongation of a 

mRNA transcript. The RNA polymerase associated complexes add the fourth 

mark (methylation of a lysine group).  The inactivation of the RE follows a 

similar mechanism of four successive protein complex formations, now 

accompanied by de-ticking of the chromatin. The transcriptionly active state of 

chromatin can in principle persist during de-ticking. 
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Figure 3.5. A ticking mechanism for gene switching between off and on states. 
The process of gene (in)activation involves a sequence of transitions comprised of the 

reversible assembly of a protein complex followed by an irreversible histone 

modification  event (‘ticking’). A. An example of such a transition is given by 

assembly of a protein complex composed out of the two nuclear receptors PPARγ and 

RXRα, the co-activator proteins PGC1α and the histone acetyltransferases SRC1and 

p300 (Puigserver et al., 1999) The assembly occurs on chromatin by a preferentially 

random mechanism and is followed by modifications of the histone 3 residues K3 and 

K9, which primes the chromatin for the next batch of proteins. B. The cycle of 

chromatin transitions associated with gene-expression switching is driven by covalent 

histone modifications and nucleosome remodelling. Protein complexes responsible for 

modifications are indicated for yeast (squares) and mammalian (ovals) systems. The 

proposed sequence was reconstructed from the literature (see Appendix for 

references). C. During the time that the gene switches from the on to off state, it is 

assumed that it effectively remains on, i.e. RNA polymerases can bind and engage in 

TSS escape and elongation. This means that depending on the duration of the on state 

and the time required for RNA polymerase preparation and TSS escape, more than one 

RNA polymerase can leave the TSS per on phase.(Blake et al., 2003; Yean and Gralla, 

1999; Yudkovsky et al., 2000). 

In the mechanism we propose, the sequence of chromatin modifications 

proceeds in a defined order.  Making the activation and the inactivation routes 

cross as would happen in a random mechanism, would allow any mark to be 
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removed before the next mark in the sequence to transcription activation is 

added. This would make the system ‘hesitate’, moving backward almost as 

often as forward. These considerations may explain the preference for a unique 

order of histone mark addition/removal and specificity of each sub-complex to 

a chromatin state (see Appendix for full description and references).    

3.2.6 Precise transcription cycle times despite inherent molecular noise 

In the inset of Figure 3.2B the probability distribution for the assembly time of 

a single protein complex is shown. The red dot indicates the mean assembly 

time. This figure indicates that quite some variability exists within protein 

complex assembly times due to the intrinsic stochastic nature of association 

and dissociation reactions. The completion time, t, for a first-order reaction 

with rate constant k follows an exponential distribution, , with mean 

time, 1/k. The mean time equals the standard deviation in this case and 86% of 

the events will fall within 1 standard deviation distance from the mean. This 

characterizes the great variability of the completion time of a first-order 

reaction. The time to complete a defined sequence of n identical first-order 

reactions follows an Erlang distribution. The variance in the duration of the 

sequence, denoted by , equals . The noise in the duration of the 

sequence, defined as , equals . These relations indicate that a 

sequence of (identical) reactions has a more precise completion time than any 

of its composite single reactions. This is also clear from the inset in 

Figure 3.2B, which is a peaked distribution rather than exponential distribution. 

These conclusions hold true if a sufficient number of the slower steps in the 

cycle have different but comparable durations. By contrast, if one reaction is 

much slower than all others, its noise will largely determine the noise of the 

aggregate process and the coefficient of variation will converge to 1.  

To examine the precision of transcription cycle time of single genes, we 

modelled a sequence of nine chromatin-state transitions as approximation of an 

entire transcription cycle. Each of the transitions involved the reversible 

assembly of a complex of five proteins followed by irreversible histone 

modification (Figure 3.6A). In total 45 regulatory proteins are involved. We 

considered a preferentially random-assembly mechanism on chromatin for 

protein complex formation, with a strictly ordered sequence of the chromatin 

modifications, to guide the sequence of complex assemblies and sensitize the  

t ~ k ×e-k×t

d 2t n / k2

d 2t t
2

1 n
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Figure 3.6. Precision of transcription cycle durations as a result of sequential 

protein complex assembly and covalent histone modifications. A. We consider a 

transcription cycle composed out 9 chromatin states and the 9 transitions between 

those states. Each transition involves the formation of a single protein complex 

composed out of 5 proteins following a particular semi-random assembly mechanism 

followed by an irreversible histone modification event. B. We modelled a population 

of 2500 cells. All cells start in the promoter state 1. We calculated the probability for 

observing state 2, 4, 6, and 8 in the population as function of time. Clearly the time for 

observing these states gets more dispersed as function of the number of completed 

transcription cycles C. We randomly selected 4 cells from the population and 

monitored the durations of their chromatin states, for state 2, 4, 6 and 8. The 

individual cells loose synchrony after a few completed chromatin cycles. The full 

description of the model and kinetic constants can be found in the Appendix. We used 

realistic kinetic parameters. 

 

chromatin for the assembly of the next protein complex. In Figure 3.6B, we 

show the output of a simulation of 2500 cells that each carry out the same 

transcription cycle and start from the same chromatin state at time zero. We 

determined the probability of cells being in a particular state of the 
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transcription cycle (state 2, 4, 6, and 8) and followed the dynamics over three 

consecutive transcription cycles. These simulations indicate that cells slowly 

desynchronize as function of time. Figure 3.6C shows the same dynamics from 

the perspective of four individual cells, which slowly loose synchrony. We 

conclude that the transcription cycling mechanism we here propose has a 

tendency to lead to single cell dynamics that can stay in sync for several 

transcription cycles.   

3.2.7 The transcription clock may lead to transient transcription 

oscillations at the population level 

To illustrate how the stochasticity of assembly times leads to transient 

desynchronization of a population of cells that start in the same state we 

consider a transcription cycle that is composed out of a sequence of n first-

order transitions. The noise in the waiting time (N) for completion of N cycles 

equals 
〈    〉

〈   〉
 (   )  . This derives from the noise of an Erlang distribution 

with     sequential reactions. Thus, the waiting time distribution should 

become narrower with an increasing number (N) of cycles. Why then would 

the cells desynchronize? Desynchonization does not correspond to dispersion 

in frequency (or average waiting time), but to dispersion in phase. To quantify 

the effect of desynchronization on the increase in noise, we determine the noise 

in the timing of the end of the N-th cycle relative to the mean duration of a 

single cycle, i.e.  (using 〈  〉   〈 〉): 

〈    〉

〈 〉 
 

 

 
      (3.5) 

The latter relation shows that cells will become progressively asynchronous 

with increasing number of completed transcription cycles (N) and that phase-

noise in the N
th

 cycling time increases linearly with N. At the same time, it 

shows that more transitions per transcription cycle, n, tend to prolong the 

persistence of population level synchrony. These relations explain the 

behaviour calculated in Figure 3.6. 

What remains unclear at this stage is whether a population level measurement, 

for instance a chromatin immunoprecipitation (ChIP) assay for particular 

chromatin marks along the transcription cycle or an mRNA measurement, 

would pick up the temporal synchronization of transcription cycles of 

individual cells. To address this question, we considered a gene with a distant 
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TF-binding chromatin site (response element, RE) that interacts with the 

transcription start site (TSS) through the formation of a chromatin loop. For 

this transcription activation-inactivation cycle we considered a five-state clock 

model (Figure 3.7A): Five pentameric protein complexes would form on an RE 

and four complexes (each of size four) on the TSS, each complex formation 

event being followed by irreversible covalent histone marking. We included 

two looping events between the RE and the TSS, one to sensitize and one to 

desensitize the TSS for RNA polymerase assembly and for the start of mRNA 

elongation. For the evaluation of this five-state clock model, we choose 

realistic values for the rate constants (see Appendix). We simulated the 

stochastic dynamics for a population of 1000 cells that had transcription 

activated simultaneously on two gene copies. In Figures 3.7B-D the fraction of 

the cells are shown that are in a particular state at any moment in time.  

The results of our calculations in Figure 3.7 suggest that population level 

transcription cycles should be observable for some 90 minutes, using for 

instance ChIP. These population level oscillations should decrease in amplitude 

with time. Because the stochastic oscillations of the single cells continued 

indefinitely in the model the transient nature of the cycles at the population 

level is due to de-synchronization: the number of cells that visited the same 

state within the same time interval decreased with the number of completed 

transcription cycles. The transcription cycling time that we predict with this 

parameterized model is approximately 60 min (measured as peak to peak time 

difference). The predicted half time of the loss of synchrony is approximately 

90 min (see Appendix). The waiting time distribution of the cycling time is 

indeed peaked (Fig. 3.7B), as expected from the kinetics of the protein binding 

and chromatin transitions. The de-synchronization rate is linear with the 

number of cycles as predicted by the above equation (Figure 3.7B, inset). This 

shows that cellular transient synchrony can be observed at the population level 

by assaying chromatin marks. Our 5-state clock model can also predict 

transient cyclic mRNA dynamics when mRNA degradation is sufficiently 

active or in the absence of degradation a staircase-wise accumulation of mRNA 

results (Figure 3.7E).   

How many polymerases can initiate elongation per transcription cycle is not 

clear for eukaryotic transcription. It likely depends on the gene and the 

tendency for genes to display a phenomenon called re-initiation (Blake et al., 

2003; Yean and Gralla, 1997; Yean and Gralla, 1999; Yudkovsky et al., 2000). 

In Figure 3.8, we assumed a single mRNA per cycle as we coupled the  
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Figure 3.7. Transient population level transcription cycles emerging from a 5-

state clock mechanism. The transcription clock model involved five sequential 

chromatin transitions at a single RE, bringing the latter from state RE1 through RE2, 

RE3, and RE4 to RE5 and directly back to RE1. Each transition involves the 

formation of a pentameric protein complex on chromatin by a preferentially random 

reversible mechanism as in Figure 2A followed by covalent modification. In parallel, 

four such transitions occur at the TSS. Two chromatin states of the TSS form a loop 
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with corresponding specific states at the RE through protein-protein interactions. 

Transitions from RE1 to RE2 are strictly coupled to looping transitions TSS1 to TSS2, 

same applies to transitions from RE5 to RE1 and TSS4 to TSS1. Only if the TSS is in 

state 3 (the on state) the initiation transcription occurs. The full description of protein 

assembly schemes and, realistic, kinetic parameters can be found in the Appendix. A. 

The activating complexes of the RE are shown in green and orange, whereas 

deactivating complexes are shown in dark red, purple and blue. The complexes in red 

contain RNA polymerase II. A stochastic simulation of the transcriptional initiation 

process was performed for 2000 gene copies considering for each a single RE and 

TSS. The probability of the presence of the five RE states were calculated as a 

function of time.  At t=0 all cells were in unbound RE1 state which is not shown in the 

plot (B; colors correspond to the state as in A). Similarly, probability of the presence 

of the TSS states (with exception of unbound TSS1) was calculated (C) as well as the 

probability of a looping event (D). In all cases a 5 min bin size was used. The 

production of mRNA was modelled as initiation event linked to the formation of 

complex on TSS3. The average elongation and processing time was 15 min, the 

average degradation time - 30 min, both gamma-distributed. The accumulation of 

mRNA per cell, averaged over the 1000 cells, in the presence (orange line) and 

absence (red line) of degradation is shown (E). 

deactivation of the promoter state to the mark left by the polymerase, such that 

only a single initiation event occurs per cycle. If we defined the number of 

mRNA’s produced per single transcription cycle as the burst size (Chubb et al., 

2006; Golding et al., 2005; Kim and O'Shea, 2008; Raj et al., 2006) we 

assumed a fixed burst size of 1. We know that for some genes the burst size is 

variable (Suter et al., 2011; Zenklusen et al., 2008). We extended our model to 

deal with this scenario and uncoupled promoter state deactivation from 

initiation of elongation. In this version of the model the transcription-

permissive on state (TSS3) has an exponentially distributed life-time with an 

average of 2 minutes until a deactivating complex protein binds (Fig.  3.8A, 

inset; red line). We then included RNA polymerase assembly plus the escape 

of RNA polymerase from the initiation site into the productive mRNA 

synthesis process.  We assumed that this combined process took an 

exponentially distributed time with an average of 0.2 minutes (Fig. 3.8A inset, 

black line). Because the latter time was much shorter than the life-time of the 

on state, multiple transcripts were initiated during most of the periods in which 

the transcription complex was on. The average burst size should then be 10 

mRNAs/cycles and the distribution of burst size can be shown to be geometric 

in this case; the calculated burst size distribution is shown in Figure 3.8B and is 

indeed geometric.   
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By itself this prediction of transcription bursting does not indicate whether 

cells burst for some time in synchrony. This depends on the extent of 

synchrony between individual cells. Fig. 3.8CD shows the prediction of the 5-

state extended clock model for five individual cells; Figure 3.8C for the case 

with rapid mRNA degradation and 3.8D in the absence of degradation.  All 

five cells fire mRNAs periodically and for the first two hours they do this in 

fair synchrony. For multiple cells, this led to the prediction of population level 

transient oscillation in mRNA levels shown in Fig. 3.8E & F. 

3.2.8 A transcription cycle model with realistic kinetics can reproduce 

experimentally observed population-level transcription cycling 

The model analysed in the previous sections explains a number of experimental 

observations dealing with cyclical changes in the occupancy by proteins, 

nucleosome modifications and looping state of eukaryotic regulatory regions in 

experimental model systems, and transcription bursting. The transcription 

cycling periods that have been observed experimentally vary between 40 and 

90 min (Kang et al., 2002; Karpova et al., 2008; Kim et al., 2005; Metivier et 

al., 2003; Saramaki et al., 2009), in line with the predictions of the five-state 

clock model. 

The most detailed set of data available (Metivier et al., 2003) is for the 

estrogen-responsive trefoil-factor 1 (TFF1) gene regulatory region.  It shows 

the orderliness of the binding events that is a component of our clock model: 

co-activator complexes, containing histone acetyltransferases and histone 

methyltransferases first, then the basal TFs and RNA polymerase II, and 

finally, deactivator complexes containing remodelling/HDAC activity. This 

experimental data of reference 16 (Fig. 3.9B) can be reproduced fairly well by 

the nine state clock model with realistic kinetic parameters (Fig. 3.9A). The 

desynchronization observed in the experiment was slower than in the model 

simulations. This could be due to an even higher number of proteins and 

chromatin modifications involved serially in the initiation process than 

currently known experimentally, or by more peaked waiting time distributions 

for individual cycle transitions, which could again be due to multistep serial 

processes. A clear example where the desynchronization our model predicts is 

observed experimentally has been provided by the measurement of the TF 

occupancy by averaged fluorescence intensity in single cells (Karpova et al., 

2008).  
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Figure 3.8. The stochastic dynamics of mRNA production in the extended 5-state 

transcription clock model. A. The overall cycle time distribution function Pcycle() 

with an average time of 60 min (brown line; as produced by the clock model for 

transcription activation) and the distribution of the time the chromatin state once 

activated remains permissive for polymerase binding with an average of 12 min 

(orange line). Inset: The waiting time distribution function PON() for the on state (red 

line); and for regulatory region escape event PESCAPE() (black line), which have an 

average approximately 2 and 0.2 min and are exponentially distributed respectively. B. 

The distribution function of burst sizes p(b) produced by the model with an calculated 

average of ~11 molecules per burst. C. Due to the fairly precise waiting distribution of 

the cycling times, five cells that are activated simultaneously will remain in synchrony 

with mRNA production for some time. D. Similar picture is observed in the case of 

lack of degradation where burst result in step-wise increase of mRNA. E. The 

population level response of mRNA in the presence of mRNA degradation and in the 

absence (panel F). 
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The population level oscillations in mRNA concentrations predicted by our 

extended clock model (Figures 3.6C and D) have also been observed 

experimentally. The yeast metallothionein (CUP1) gene, displayed 50 min 

transcriptional cycles of its main TF, Ace1p, upon activation and CUP1 the 

mRNA was oscillating at the same frequency (Karpova et al., 2008).  

Reversible RE and TSS looping has been found at the population level for the 

intricately organized regulatory region of the human cyclin-dependent kinase 

inhibitor 1A (CDKN1A) gene, which is regulated by several REs for the TF 

VDR (Saramaki et al., 2006).  

Some of the co-regulators, as well as VDR, RNA polymerase II and the 

looping between TSS and at least one RE, were shown to oscillate at the 

population level with a 60 min period. The experimental data (Fig. 3.8F) can be 

reproduced (Fig. 3.8E) by adjusting the structure of the RE and TSS model in 

such a way that the single looping event occurs during the chromatin state 

corresponding to RNA polymerase binding.  

3.3 Discussion 

In this study, we discussed in depth a mechanism of eukaryotic transcription 

regulation. It involves sequential assembly of multiple protein complexes at 

regulatory sites on chromatin, each followed by histone modification to mark 

the transcription phase and to sensitize the local chromatin region for the 

assembly of the next protein complex, for nucleosome eviction, or for RNA 

polymerase II phosphorylation. This model is an accepted view (Fuda et al., 

2009; Li et al., 2007; Reid et al., 2009; Weake and Workman), but has not been 

studied from a mathematical modeling perspective using realistic kinetic 

mechanisms and parameters. In this chapter, we performed such a study. We 

found that the transcription cycle model is a very efficient mechanism. 

Sequential protein complex assembly makes it fast and since only a few 

proteins are involved per step controllability is sacrificed either. Even though 

individual protein complex formations are reversible the entire transcription 

cycle is irreversible due to a defined order of irreversible covalent-histone 

modifications. One interpretation of the modification dynamics is that the 

modifications in the active transcription phase are removed during the inactive 

phase and vice versa. Whether this is an oversimplification remains to be 

shown experimentally. Metivier et al.(Metivier et al., 2003) proposed a 

branched mechanism for the transcription cycle at the pS2 promoter. Our  
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Figure 3.9: The transcription clock model can explain existing experimental data. 
The single regulatory region model with nine chromatin transitions (presented in 

Figure 3.4) with adjusted protein concentrations can qualitatively reproduce the 

ordered cyclic co-regulator binding as observed in various experiments reported in the 

literature. A. Time courses of the average regulatory region occupancy on the whole 

cell population level. The plotted regulatory region occupancy states were chosen to 

fit the data profiles (full description of the model to be found in the Appendix). Inset 

shows the schematic representation of the cycle of chromatin states, colours 

correspond to plotted states. B. Experimental data, simulated in panel A, reproduced 

from (Metivier et al., 2003): blue: the TF estrogen receptor, red: RNA polymerase II, 

purple: the co-regulator CARM1, dark blue: the histone acetyltransferase CBP, green: 

HDAC1, dark green: the chromatin remodelling factor Brg1. C. The same model, with 

corrected protein concentrations to match cycle duration, extended with mRNA 

synthesis and degradation reproduces population level mRNA cycling as observed 
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experimentally and shown in (D), data reproduced from (Karpova et al., 2008). E  

Simulation of the model introduced in Fig. 3.6 with a modified structure modified so 

that the TSS and RE form a loop only once during the initiation phase (red complex). 

This model can reproduce looping (black line) and polymerase-binding data (red line) 

as observed experimentally on the regulatory region of the CDKN1A gene by 

(Saramaki et al., 2009); experimental data shown in (F). The arbitrary units of 

regulatory region looping data (between the TSS and RE 3) are re-scaled by a factor of 

a 10000 for ease of visualization. The parameter adjustments are documented in the 

Appendix. 

 

model can straightforwardly be extended with such details. We considered 

such an extension in a minimalist manner when we incorporated the 

transcription re-initiation mechanism to allow for variable burst size of the 

transcription cycle. 

Each protein complex formation event is reversible and only single complexes 

are formed on chromatin sites. This makes this process very prone to molecular 

stochasticity inherent in molecular diffusion and reactions. Despite this 

stochasticity the waiting time distribution for the formation of a single protein 

complex shows less dispersion that those of single first-order reactions. The 

exact reduction of dispersion depends on the assembly mechanism and the 

characteristic time of the assembly steps. In this regime of the model, a 

sequence of protein complex assemblies intermitted by covalent-modification 

of histones to mark the phase of the transcription cycle will have a fairly 

deterministic duration. This has two consequences. Firstly, the duration of the 

entire transcription cycle is close to deterministic, i.e. clock-like. Secondly, in 

the transcription re-initiation formulation of the model the number of 

transcription (re-)initiation per cycle becomes more deterministic. This means 

that the eukaryotic transcription cycle can be clock-like in terms of duration 

and quantal in terms of its activity. This is in the limit of many molecular 

events in series with similar reaction rates. To what extent real genes function 

in this limit is unclear. Recent experiments indicate that the on and off 

durations of genes can have non-exponential waiting time distributions, which 

is in agreement with our theoretical predictions.(Harper et al., 2011; 

Kandhavelu et al., 2012; Suter et al., 2011) For prokaryotic genes also 

exponential waiting times have been found.
 
The clock-like nature of the model 

underlies the tendency of cells in a population to display synchronized 

transcription activity upon simultaneous activation from the same initial state. 

The duration of synchronization is set by the dispersion of the transcription 



125 
 

cycle time, which is still quite high in our models because we model 

transcription initiation as a single first-order reaction with an exponentially-

distributed waiting time. Simulations with non-exponential waiting time for 

transcription indicate much longer duration of population synchrony and 

population-level transcription cycles (not shown). 

From a coarse-grained perspective, the transcription cycle model assumes 

eukaryotic genes to switch between transcription-active on states and ditto, 

inactive off states. The duration of these phases can in principle be under the 

control of some regulator.(Golding et al., 2005; Ozbudak et al., 2002; Yu et al., 

2006) The same applies to the burst size. From this perspective, transcription 

rate can be controlled in different ways. A suitable definition of transcription 

rate would be the mean burst size divided by the mean cycle time: 
〈 〉

〈   〉 〈    〉
.  

Control of transcription rate can then be achieved via modulation of burst 

frequency (cycle duration) or size. Skupsky et al (Skupsky et al., 2010) found 

evidence for regulation of burst size rather than frequency. The transcription 

cycle models we presented can accommodate both mechanisms.  

The dynamics of eukaryotic transcription is entirely different from prokaryotic 

transcription not only in terms of its design and the number of participating 

proteins but also in its activity(Blake et al., 2006; Blake et al., 2003; Buetti-

Dinh et al., 2009; Chubb et al., 2006; Kim and O'Shea, 2008; Lam et al., 2008; 

Louis and Becskei, 2002; Raj et al., 2006; Raser and O'Shea, 2004). 

Eukaryotes have a stronger tendency to display transcription bursts, which in 

prokaryotes have only been found under conditions of leaky transcription 

repression (Cai et al., 2006; Golding et al., 2005; Yu et al., 2006) and occur 

infrequently across the majority of the genes in Escherichia coli (Taniguchi et 

al.) in contrast to Saccharomyces cerevisiae (Bar-Even et al., 2006; Newman et 

al., 2006). A profound effect of the stepwise organization of transcription 

initiation is that only during a fraction of the entire transcription cycle RNA 

polymerase II assembly and its escape from the regulatory region takes place, 

which suggests that eukaryotic transcription indeed has a design prone to 

transcription bursting even at conditions of high transcription activity (Chubb 

et al., 2006; Karpova et al., 2008; Metivier et al., 2003; Raj et al., 2006).  

Transcription cycling differs from regular oscillations induced by a negative 

feedback loop, as found, for example, in NADH fluorescence and glycolytic 

activity in yeast (Teusink et al., 1996), the dynamics of calcium concentrations 

(Schuster et al., 2002) or the activities of the TF NF-B (Nelson et al., 2004) or 
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the kinase ERK (Shankaran et al., 2009). In the latter examples the dynamics of 

metabolite or signal transduction factor pools are coupled through nonlinear 

kinetics. At the population level, most of these oscillations are transient.  Only 

in some cases sustained oscillations have been observed, and for one of these 

the needed active synchronization mechanism requiring dynamic 

communication between individual cells, has been elucidated.(Richard et al., 

1996) In what we here envisage for eukaryotic transcription, the mechanism we 

propose for the transient oscillations at the population level is entirely cell-

autonomous, i.e. no active communication between cells is involved. The 

cyclic dynamics at the population level are a reflection of the order of events of 

transcription initiation at single sites on chromatin with the consequent 

accuracy of the duration of the transcription cycles.  When activated at the 

same moment in time, the individual cells remain transiently in synchrony 

across a simultaneously activated cell population, provided the return times for 

states in the transcription initiation mechanism display little dispersion. We 

here showed that the experimental observations of population-level 

transcription oscillations can be understood in terms of stochastic theory and 

simulations of individual cells in a population.  

While there are relatively few published observations of mRNA and regulatory 

region state oscillations at the population level, it is possible that the proposed 

clock mechanism for transcription activation is common to many genes. The 

actual observation of the transient oscillations at the population level should 

depend on a number of conditions. First, the protein binding rates in the cycle’s 

transitions should be similar between cells, which only happens, if the protein 

concentrations are in the same range and the effective dissociation constants 

are relatively high (if they are low, the reversibility reduces the timing 

accuracy). Secondly, at the start of the experiment most of the regulatory 

regions should be in the same, for example, inactive state; otherwise the 

transitions will not be synchronous from the start. Thus the macroscopic 

observation can only be made if the gene goes from a virtually inactive state to 

almost full activity.  Additionally, the observation of the mRNA cycles at the 

population level should depend on the mRNA degradation kinetics as is 

evident from Figure 3.6E. When the average mRNA lifetime is close to the off 

time, the mRNA cycle can only be observed if the degradation has a highly 

reproducible waiting time as is the case for the model presented in this section. 

This is likely if mRNA degradation proceeds through the 3’ degradation 

pathway that includes multiple steps in removing the polyA tail (Pedraza and 
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Paulsson, 2008).  Single cell observation of transcription activity should 

provide more definitive evidence for our transcription clock model.  

Appendix 2 

3.S.1 Effects of TF cooperativity on the promoter sensitivity to 

multiple transcription factors in equilibrium binding model 

One would suspect that cooperativity among the transcription regulatory 

factors would reduce the effects on the reduction of the promoter sensitivity to 

individual TFs with increase of their number. Indeed it can do it principle, as 

we shall show next, but the interaction coefficients between the transcription 

factors would have to increase considerably with the number of regulatory 

factors, which would again lead to an unrealistic scenario. This we will show 

with a simple (extreme) model for cooperative regulation by regulatory factors. 

Consider for instance the simplest cooperative binding kinetics among n 

regulatory factors, 

 (     )  

  

    

  ∑ (
 
 
) 

   
  

    

    (3.S.1) 

where (for all i) and  is an interaction coefficient between 

regulatory factors that changes the affinity constant of one regulator when 

another regulator is bound to its DNA site by factor . Positive cooperativity 

occurs when  is smaller than 1.  For instance, for two factors we obtain 

    (3.S.2) 

Cooperativity is absent when  equals 1 and the previous model (equation 2) 

is obtained. The interaction coefficient  can be equated in terms of a Gibbs 

free energy for interaction between regulators. To assess the performance of 

cooperativity we determined what the value of the interaction coefficient  

should be such that the degree of saturation of the entire regulatory system 

 equals that of its single sites, . We achieved this by calculating 

the optimal value of  such that the squared difference between   

a =Ti Ki b

b

b

F(T, 2,b) =

T1T2
bK1K2

1+
T1
K1

+
T2
K2

+
T1T2
bK1K2

b

b

b

F(T,n,b) f(T )

b F(T,n,b)



128 
 

 

Figure 3.S.1: Steep decrease in interaction coefficient is required to compensate 

for loss of sensitivity to single TFs. The value of the interaction coefficient, , that 

minimizes  for a range of values for the transcription factor 

concentration (T; from 0 to 20 times the affinity constant, K) is plotted as function of 

the number of transcription factors, n.  The inset shows the dependency of the squared 

difference between  and  as function of  and shows that a minimal 

value for ,  the optimal value, exists for each value of n (ranging from 2 to 20). The 

optimal value of  is defined as  

with ; hence, ranges from 0 to 20.  This notation works as follows: 

“ ” returns value of the variable  that minimizes function . 

 

and  is minimal for a given number of transcription factors, n, for a range 

of values of  (from 0 to 20, in steps  of 0.5).  Figure 3.S.1 indicates that 

the optimal value for the interaction coefficient  sharply drops with n 

indicating that severe cooperativity is required to compensate for the loss in 

saturation degree in  at higher numbers of transcription factors.  

Even though we cannot rule out that such cooperative mechanisms can exist we 

deem it unlikely. Moreover, the scenario we sketched gives a very optimistic 

estimate, as this model does assume a very severe cooperativity: all 
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transcription factors cooperatively interact with each other. In the case that 

fewer transcription factors interact even lower values of  are anticipated. 

This would indicate even higher free energies for stabilization of the DNA 

bound states. 

3.S.2 Mean time of protein complex assembly reversible versus 

irreversible mechanisms 

For a sequential non-branched protein assembly mechanism (Fig. 3.1C, main 

text) the mean first passage time equals the sum of the mean time to complete 

individual steps. Hence in case when all the rate constants are equal: 

    ( )  
 

  
      (4.S.3) 

Where n –is the number of proteins and kf – the association constant. Deriving 

the mean first passage time when the proteins can dissociate is less trivial. To 

this end we first employed the method described in (Dobrzyński and 

Bruggeman, 2009). It allows calculating moments of the assembly time 

distributions for an arbitrary mechanism by using the Laplace transformed 

ODE system. We obtained assembly means for a strictly sequential mechanism 

with 3 to 5 proteins: 
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Thus, by induction, the general expression for sequential reversible assembly 

of n proteins given equal forward and reverse rate constants is: 
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The ratio of assembly times between the reversible and irreversible mechanism 

is the given by: 
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To evaluate the this ratio for example branched mechanisms we applied the 

same Laplace transform method to ODE systems describing the n=3 complexes 

formation for one fully random and two partially random assembly schemes – 

with branch in the beginning and at the end (Fig. 3.1C main text). The mean 

assembly times are as follows: 
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The ratios were calculated for three branched and one fully sequential 

mechanism and plotted against KD (Fig. 3.2B, main text). For the inset the PDF 

of the random n=3 assembly mechanism found numerically for kf=10 and kb=1 

by the same Laplace method was plotted.  

3.S.3 Timing of the protein assembly mechanisms 

As little is known about the mechanism of assembly of the protein 

subcomplexes involved in transcription, we chose to compare the kinetics of 

various alternative mechanisms of complex assembly to identify mechanisms 

that operate in experimentally determined time-scale and protein-concentration 

regimes. We distinguished between three mechanisms with respect to the order 

of assembly: i) random (Ran), with no specific binding order, ii) preferentially 

random (PR) with partially determined order and iii) sequential (Seq) with a 

uniquely defined order (Fig. 3.S.2). For each of these mechanisms we also 

considered three assembly locations: i) exclusively on the chromatin (Chr), ii) 

only in the nucleoplasm with the final complex binding to chromatin (Nuc), or 

iii) both in the nucleoplasm and on the chromatin (Nuc/Chr). Random-

mechanism models were generated using an interaction matrix (Tab. S1). A 

realistic scenario was considered given physical constraints of binding 

surfaces: first two proteins interact directly with RE; each protein has 2 to 4 
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(on average 3) binding partners. A real-life example of such a complex could 

be the DNA-interacting PPARβ/δ-RXR heterodimer bound to scaffolding co-

factor PGC1α and chromatin-modifying enzymes CBP and SRC1 (Puigserver 

et al., 1999). An extra algorithm was applied to remove the reactions involving 

RE-bound or free complexes to obtain the mechanisms of random assembly in 

the nucleoplasm and on the RE, respectively. 

For the random mechanism all possible complexes allowed by the interaction 

matrix are formed, resulting in a total of 40 complexes. To produce the mass 

balance and rate vectors for the preferential random and the sequential 

mechanisms a customary algorithm was used to remove reactions involving 

complexes formed only in a fully random mechanism (Tab. 2.S.2). For 

preferential random/sequential RE and preferential random/sequential nuclear 

interactions only complexes on the RE and in the nucleus, respectively, were 

allowed.  

We have tested all nine possible models for realistic parameter ranges. Detailed 

information on the protein concentrations and binding rate constants 

calculation can be found in Tab. 2.S.3. To determine the on rate constants first 

the diffusion limited ones were calculated by using the Einstein-Smoluchowski 

relation (Berg, 1983; Berg and von Hippel, 1985). The monomer proteins were 

considered to have a molecular weight (MW) of 50 kD; two-times higher or 

lower values do not have a significant effect on the outcome. The Stokes radii 

(R) were calculated using a standard curve (radius versus MW) measured by 

Ribbeck et al. (Ribbeck and Gorlich, 2001). The diffusion coefficients (D) 

were calculated by the Smoluchowski formula using measured GFP diffusion 

coefficient in nucleoplasm as a standard (Berg and von Hippel, 1985; Braga et 

al., 2004; Hinow et al., 2006). The real on rate constants are however, likely to 

be lower. There are no direct measurements of association rate constants (kon) 

available, thus we used the equilibrium constants and off rates for estimation 

purposes.  

For ordinary differential equation simulation the parameters were used in pM 

units, for stochastic in molecules/pL units. The off rates were calculated 

accordingly depending on the equilibrium constant.  
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Figure 3.S.2: Mechanisms of protein complex assembly. Example of different 

mechanisms are given for N=4 complex. A. In the case of random assembly all the 

interacting proteins can bind without specific order, leading to the formation of all 

possible intermediate complexes B. In the sequential mechanism there is a strict order 

of protein binding, while in the preferentially random mechanism some of the 

intermediate complexes must be formed before the rest of the proteins can bind (C). 

For the presented example of N = 4 complex the number of intermediate complexes is 

the same for the preferentialy random and the sequential mechanisms. However, for 

bigger final complexes the number of intermediate complexes decreases in the order 

random > preferential random > sequential. D. All the complexes that can be formed 

in N=5 random mechanism (both in RE and in cytoplasm) that is used in the models 

are presented; the complexes that can bind RE are shown as bound forms. The list of 

complexes that are used in the preferentialy random assembly are given in Table 3.S.2. 
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The most precise measurements available are for the dissociation rate constants 

(koff) of proteins from chromatin, which have been shown to be of the order of 

10
-2

 s
-1

 (Chen et al., 2002; Ficz et al., 2005; Phair et al., 2004), corresponding 

to dwell times of around a minute.  It is known that relatively strong non-

covalent protein interactions lie in the range of 10
8 

to 10
10 

M (Zhang and Houk, 

2005). As a reasonable approximation we took the average KD 10
9 

M, 

corresponding well with some of the available in vitro measurements (Carlsson 

and Häggblad, 1995).  

Given the 10
9
M equilibrium constant and 10

-2
s

-1
 off rate constant, the on rate 

constant should be in the range of 10
7
 

 
M

-1
s

-1
 corresponding to being a 100-

times lower than the diffusion limit of 10
9 

M
-1

s
-1

.  This corresponds well with 

the available indirect estimations of the on rate constants (Luijsterburg et al., 

2010; Mone et al., 2004; Politi et al., 2005). Thus we considered the on rate 

constants kon in the model to be 100 times lower than the calculated diffusion 

limited constant. The reported transcription factor concentrations in the nucleus 

vary within 10
3 

-10
4
 molecules per nucleus. The cell’s nucleus can be estimated 

to be 1.2pL given the measurement of cell volume (3-4pL (Devlin et al., 

2003b)) and nucleo-cytoplasmic ratio (1:3 (Swanson et al., 1991)) giving the 

concentration of 10
-9

 to 10
-8 

M(Gerber et al., 2003; Kimura et al., 1999; Lu et 

al., 2007; Zamparo and Perkins, 2009). Considering it is possible that the actual 

concentrations are lower due to part of the TF molecules being bound we 

considered the range of 10
2
 to the top estimates of 10

4
, resulting in an effective 

kon range between 0.1min
-1

 and 10min
-1

. For the fixing irreversible step, 

described by an apparent first order chromatin modification constant kmod, we 

considered a kcat estimate of 1 s
-1 

(Poux et al., 2002; Spencer et al., 1997), 

making the process hit-and-run with the overall rate being determined by the 

above mean first assembly time calculations.  

We calculated the (average) half-time for protein complex formation followed 

by a single histone modification capture event for these different mechanisms.  

We used a range of realistic effective on rate constant values, while adjusting 

the koff values such that the equilibrium constant remained 10
9
M (Fig. 3.S.3). 

We calculated the completion time. In the case of assembly on chromatin, the 

time of formation increased with assembly randomness, while for mechanisms 

involving assembly in the nucleoplasm the trend was opposite. For sequential 

mechanisms nucleoplasm assembly was faster than both assembly on 

chromatin and mixed assembly, while for the (preferentially) random 
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mechanism assembly in the nucleoplasm was the slowest. These results are 

explained by two effects with opposite trends.  First, random assembly 

schemes tend to be faster as they have more assembly paths, whereas ordered 

sequential schemes will have many unproductive attempts because components 

arrive in the wrong order. Second, random assembly schemes have many more 

intermediate complexes that reduce the probability to be in a specific state.  In 

the random mechanism any out of 4 tetramer complexes can precede the 

ultimate pentamer, while only one is present in the sequential process.  Hence, 

entropy will tend to keep the random assembly system in the tetrameric state. 

In case of the assembly on chromatin, the individual states are more probable 

and in the nucleoplasm-assembly mechanisms free protein concentrations are 

significantly reduced as a result of complex formation, causing slower 

assembly. For the range of realistic effective onrate constants, the models give 

rise to completion times that differ by several orders of magnitude 

(Fig. 3.S.3A).  

 

 

  

Figure 3.S.3. The duration of the transcription initiation mechanisms varies with 

sequence and association rate constant. A. Half-time of promoter modification for a 

range of kon
eff

 values (product of protein concentrations and their kon) for nine different 

protein assembly mechanisms (sequential – Seq, preferentially random – PR, random 

– Ran, on chromatin – Chr, in nucleoplasm – Nuc) involving 5 proteins as indicated. 

In all instances Keq=10
9
M (here defined

 
as kon/koff, koff

  
is variable depending on the 

value of kon
eff

 ).  The rate constant for the final irreversible modification acetylation of 

lysine 9 and lysine 14 kmod=60 min
-1

, i.e. much faster than the dissociation constant. B. 

Fraction of promoter binding at equilibrium as function of the kon
eff

 for the same set of 

mechanisms. In all simulations, the response element became ready for complex 

assembly at time zero. All models were simulated so as to be at equilibrium prior to 

time zero.  At time zero RE becomes available for binding.  
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In order to evaluate the performance of the protein complex assembly 

mechanisms, we also have to consider to what extent they can give rise to 

promoter saturation (Figure 3.S.3B). (Preferentially) random mixed-nuclear 

chromatin assembly gives rise to low promoter saturation (<20%) across the 

entire effective kon range; too much protein is wasted in complexes in the 

nucleoplasm.  Figure 3.2B and C then indicate that assembly mechanisms are 

faster and readily saturate the chromatin sites.  This is because assembly in the 

nucleoplasm engages protein complexes unbound to the DNA site and hence 

depletes protein monomers. For this assembly on chromatin, random order is 

faster, but less complete. 

The calculations also suggest a trade-off:  random order is fast but may not lead 

to complete saturation of the promoter; ordered sequential may be 5 times 

slower but leads to almost complete promoter occupancy. 

3.S.4 Evidence for chromatin modification-driven promoter 

cycling mechanism  

Here we present the experimental evidence for histone modification driven 

promoter cycle summarized in Fig. 3.3B in the main text. Many histone 

modification have been shown to contribute to the modulation of binding 

affinity of cofactors to regulatory sites on chromatin (Berger, 2007). For 

instance, during promoter activation, H4R3 methylation, mediated by the 

methylase PRMT1, increases the affinity of histone acetylase p300 for 

chromatin. p300 primarily modifies several lysine residues in the tail of histone 

H4 (Li et al., 2010). Similarly, acetylation of histone H3 lysines by CBP 

enhances binding and activity of CARM1 that catalyzes H3R17 methylation 

(Daujat et al., 2002). Specific acetylation marks, e.g. H3K14Ac, H4K16Ac, 

increase binding of activating chromatin remodeling complexes in various 

experimental systems (Chandy et al., 2006; DiRenzo et al., 2000), while others 

(H3K9Ac, H4K12Ac, H4K8Ac) attract basal transcription factors such as Bdf1 

(yeast), TAF3 and TAF250 (mammals) (Kanno et al., 2004; Sawa et al., 2004). 

Thus the approximate order of the modification events leading to promoter 

activation would be: histone arginine methylation, lysine methylation and 

ATP-dependent remodeling.  

Methylation marks (H3K4me3, H3K79me3, H4K20me), previously thought to 

act exclusively in a repressive fashion, were found to associate with the 

transcription start sites (TSSs) of actively transcribing genes (Barski et al., 
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2007; Gerber and Shilatifard, 2003; Guenther et al., 2007). At least two of 

these are deposited by PolII associated complexes, i.e. H3K4me3 by 

MLL/COMPASS (mammalian/yeast) and H3K79me3 by DOLT1 

(mammalian) (Dreijerink et al., 2006; Steger et al., 2008). These marks attract 

the chromatin remodeling complex Isw1 (Santos-Rosa et al., 2003), and the 

repressing complex Set3, which exhibits H3 and H4 deacetylating activity in 

yeast (Couture et al., 2008; Kim and Buratowski, 2009; Wang et al., 2002). In 

higher eukaryotes, similar findings have been reported. For instance, in 

Drosophila the remodeling complex Nurf and in human CHD1 have affinity 

for H3K4me3 (Clapier and Cairns, 2009; Flanagan et al., 2005) and for 

HDAC8, whose enzymatic activity is enhanced in the presence of H4K20me1 

(Gurard-Levin and Mrksich, 2008). Thus, at least a single act of transcription 

initiation would be required to add methylation mark that can further lead to 

promoter deactivation by re-establishing repression of TSS by nucleosomes. 

DNA methylation may also play a role in promoter repression (Kangaspeska et 

al., 2008). Transient DNA methylation occurs after RNA polymerase binding, 

and one of the best described repressive mammalian complexes, Mi-2/NurD, 

which contains chromatin remodeling and HDAC subunits, has domains with 

affinity for methylated CpG. This suggests that DNA methylation is coupled to 

the promoter deactivation process.  

In order to re-start the transcription cycle the remaining modifications have to 

be removed. This requires an enzymatic activity that is distinct from that of the 

activity that put the modifications in place, removing lysine and arginine 

histone methylations. While the identity of most of these enzymes has been 

established (Wang et al., 2004), less is known about their affinity for chromatin 

and the dependence of this affinity on histone modifications. For H3K4 

demethylase LSD1 it is suggested that deacetylation of histones has to occur 

before it can bind successfully and another H3K4 demethylase, Lid was shown 

to inhibit HDAC-dependent histone deacetylation (Forneris et al., 2005; Lee et 

al., 2009). The enzyme that removes Arg methylation has been found in higher 

eukaryotes, but its binding preference is unknown. If the acetylation indeed 

occurs before demethylation then the following orders of promoter reversion 

are possible: deamination – deacetylation - demethylation, deacetylation – 

deamination - demethylation, deacetylation - demethylation - deamination. If 

we assume strictly sequential mechanism we can exclude the last one as this 

would produce a singly Arg-methylated state which is equivalent to the first 
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step of promoter activation (Fig. 3.3). The other two orders are equally 

plausible based on the current knowledge.  

3.S.5 Single cycling time is gamma distributed: observing 

passive synchronization 

We consider a transcription initiation mechanism composed of a linear chain of 

NL irreversible first order reactions with rate constant k.  The start of the cycle 

corresponds to the first step in RE/TSS activation, e.g. TF binding, and the end 

of the cycle to the last step in RE/TSS deactivation, e.g. removal of histone 

modification. We are interested in determining the probability distribution for 

the cycle duration.  Each step in the chain has an exponentially distributed 

waiting time (Poisson process) with the following probability density function 

(PDF): 

     (3.S.14) 

The mean waiting time for the reaction obtained from many such reactions at 

the single molecule level equals: 

    (3.S.15) 

This distribution has variance (standard deviation equals square root of 

variance): 

  (3.S.16) 

 

The noise in the waiting time for the reaction equals: 

      (3.S.17) 

The waiting time distribution for a sequence of length NL corresponds to the 

distribution of the sum of waiting times for each of the steps in the sequence. 

Each of these waiting times is an exponentially distributed random variable. 

The distribution of the waiting time for the sequence can be obtained from its 

generating function , which equals the Laplace transform of the PDF, or 
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generating function for the waiting time of a single step  raised to the 

power NL: 

      (3.S.18) 

The inverse Laplace transform then gives the PDF of Gamma distribution for 

the waiting time of the sequence: 

    

(3.S.19) 

 denotes the Euler Gamma function, . 

The mean waiting time of the sequence, i.e. the cycle duration, equals the sum 

of the waiting time of the contributing steps: 

    (3.S.20) 

The variance in the waiting time of the sequence equals: 

 (3.S.21) 

And the noise then corresponds to: 

    (3.S.22) 

This means that the noise reduces with the length of the sequence, which 

indicates that the waiting time distribution is more peaked and that the 

individual waiting times will deviate less when sampled multiple times from 

this distribution (Fig. 3.S.4). The percentage of events that fall within one 

standard deviation from the mean depends on the length of the chain.  

We have now determined the waiting time distribution of a linear sequence of 

events as a function of their number. This corresponds to a waiting time 

distribution for transcription initiation for a population of cells that all start 

simultaneously with transcription initiation. But after the first cycle some cells 

completed quicker than the mean waiting time and some slower. This means 

that the next cycle time distribution will be broader and the next one even 
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more. We shall derive the cycle time distribution as a function of the number of 

completed cycles in the next section. 

 

 

Figure 3.S.4: Properties of gamma distributed waiting times. The plots of 

probability density, or frequency functions of four gamma distributions with scaling 

parameter (corresponding to rate constant) k=1 and shape parameters (corresponding 

to the number of single steps) NL=1, 5, 15 and 30 are shown (A). For NL=1 the 

distribution is the same as the exponential with mean  and variance 

, but for higher n the distribution become bell shaped with mean n/k and 

variance n/k
2
. Though the variance increases with n, the measure for noise 

 decreases as the 1/NL function (B). This makes the waiting times for a 

multi-step process with the similar rate constants for each step more reproducible. 

3.S.6 Cycling time distributed as a function of the number of 

completed cycles: observing desynchronization 

The cycling time of the Ns-th cycle is a random variable which equals the sum 

of all the Ns sequential cycling times - gamma distributed random variables 

(see above). The generating function for the distribution of the Ns -th cycling 

time can be obtained by inverse Laplace transformation of the generating 

function for a single cycle time raised to the power Ns: 

    (3.S.23) 

The probability density function for the cycling times then equals: 

    (3.S.24) 
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The mean waiting time for the completion of the Ns -th cycle is: 

    (3.S.25) 

The variance in this time is given by: 

  (3.S.26) 

     (3.S.27) 

In order to find the noise term in waiting times for cycle NS for a cell that 

completed the cycle NS -1 times we need to express the mean waiting time  

as function of mean waiting time of a single cycle : 

    (3.S.28) 

Hence the noise in cycle duration increases linearly with number of cycles 

which leads to gradual desynchronization of the cell population. This results 

from the fact that probability distribution functions become broader for each 

cycle (Fig. 3.S.5A). It is also possible to calculate the peak height fcpeak of 

successive cycle distributions by finding the τpeak (at which the PDF first 

derivative equals zero) 

     (3.S.29) 

and substituting it into the expression for the PDF: 

  (3.S.30) 

As can be seen from  the peak height decreases as a funcation of 

cycle number which is reflected in peaks becoming less pronounced in the 

simulation of the transcription initiation model (Fig. 3.S.5B). 
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Figure 3.S.5: Waiting time distribution for different cycle numbers. Cycling time 

distributions at different number of completed cycles NS=1-4 (A). The chain length is 

NL=25 and the rate constant k=1. The mean waiting time for the first cycle is therefore 

25, and 50, 75, 100 for the next cycle, respectively. Note that the distributions become 

broader and peak heights lower. The dependence of the peak height on the number of 

cycle for same NL and k is shown (B). 
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Figure 3.S.6: Structures of detailed initiation models. Chromatin state transition 

scheme for the models presented – a basic nine state promoter model (also used for 

simulating Metivier et al and Karpova et al data) (A), a model with looping between 

RE and TSS (B), and its modified version used to simulate Saramaki et al data. The 

chromatin states in which polymerase binding/mRNA production occurs are marked 

red. In A these states (PR2 and PR3) correspond to Karpova et al data simulation; 

specific chromatin states plotted in Fig.3.4 and 7 in the main text are described in 

Table 3.S.6. In every model a single chromatin transition corresponds to formation of 

an N=5 protein complex on the PR or RE by preferentially random mechanism 

followed by a chromatin modification step (D, F solid lines) or an N=4 protein 

complex on TSS likewise followed by a chromatin modification step (F, solid lines). 

In Karpova et al data simulation complex formed on PR2 contains polymerase and 

leads to transition to PR3; PR3 likewise can be bound the same polymerase containing 

complex and its own deactivation complex. Each successful formation of polymerase 

complex leads to the start of elongation. In the model B a loop can be formed between 

the certain bound RE and TSS states (dashed black arrow) followed by both RE and 

TSS irreversible state transition and protein dissociation (dashed red arrow) (E). In the 

sequential deactivation model one of the proteins in the TSS3-associated complex was 

assumed to become elongating polymerase after irreversible transition. In the 

competitive deactivation model for simplicity polymerase binding was modeled as a 

one-step process competing with complexes on the TSS3 and RE3. In model C 

(simulation of Saramaki et al data) the loop is formed between partially bound RE3 

and polymerase bound to TSS3 and leads to modification of polymerase that makes it 

ready for elongation (F). In all models elongation is modeled as a 30-step process that 

leads to formation of mature mRNA and the release of polymerase. 
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 re p1 p2 p3 p4 p5 

re 0 1 1 0 0 0 

p1 1 0 1 1 0 0 

p2 1 1 0 1 1 0 

p3 0 1 1 0 1 1 

p4 0 0 1 1 0 1 

p5 0 0 0 1 1 0 

 

Table 3.S.1: The interaction matrix of protein complexes. A realistic interaction 

scheme for a complex of five proteins is presented in the form of an interaction matrix. 

The interaction matrix was used to produce the mass balance and rate vectors for the 

random assembly model. 
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 N = 2 N = 3 N = 4 N = 5 

Preferentially 

random 

RE-bound 

p1p2r1 
p1p2p3r1 

p1p2p4r1 

p1p2p3p4r1 

p1p2p3p5r 

p1p2p4p5r1 

p1p2p3p4p5r1 

Preferentially 

random nuclear 

p1p2 

p3p4 

p3p5 

p4p5 

p1p2p3 

p1p2p4 

p1p2p3p4 

p1p2p3p5 

p1p2p4p5 

p1p2p3p4p5 

Sequential 

RE-bound 
p1p2r1 p1p2p3r1 

p1p2p3p4r1 

 
p1p2p3p4p5r1 

Sequential 

nuclear 

p1p2 

 

p1p2p3 

 

p1p2p3p4 

 
p1p2p3p4p5 

 

Table 3.S.2: Complexes formed in preferential random and sequential assembly 

mechanisms. A customary algorithm was used to remove reactions involving 

complexes formed only in the fully random mechanism. 
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Name 
MW, 

kDa 

R, 

µm 

D, 

µm
2
/s 

kon/100, 

s
-1 

kon/100, 

pM
-1

 s
-1

 

Kd, 

pM 

koff, 

s
-1 

[C], 

pM 

re - 0.0006 0 

re-p1 

1.1*10
-

5 

re-p1 

0.7*10
-

5
 

re-p1 

10
3 

re-p1 

0.7*10
-

2
 

1.4 

p1 50 0.025 23.2 

p1-

p2p3 

3.7*10
-

5
 

p1-

p2p3 

2.2*10
-

5
 

p1-

p2p3 

10
2
 

p1-

p2p3 

2.2*10
-

3
 

140-

14000 

p2p3 100 0.031 29.3 

p2p3-re 

1.1*10
-

5
 

p2p3-re 

0.7*10
-

5
 

p2p3-

re 

10
3
 

p2p3-

re 

0.7*10
-

2
 

- 

 

Table 3.S.3: Example of parameter calculation. A customary algorithm was used to 

calculate rate constants for the corresponding protein association and dissociation 

reactions. 
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Constant Value Units 

kon p1/p2 step1 6*10
-4

 min
-1

 

koff p1/p2 step1 4.5*10
-1

 min
-1

 

kon p1/p2 step2 1*10
-3

 min
-1

 

koff p1/p2 step2 7.3*10
-1

 min
-1

 

kon p3/p4 1 step1 1.14*10
-3

 min
-1

 

koff p3/p4 1 step1 8.4*10
-1

 min
-1

 

kon p3/p4 2 step2 1.2*10
-3

 min
-1-

 

koff p3/p4 2 step2 9.2*10
-1

 min
-1

 

kon p5 1.32*10
-3

 min
-1

 

koff p5 9.8*10
-1

 min
-1

 

kmod 1.36 min
-1

 

protein total 1.5*10
3
 

number of 

molecules 

pol 1.5*10
4 number of 

molecules 

promoter 1 
number of 

molecules 

Parameters for the Metivier et al data simulation 

protein total 1.8*10
3
 

number of 

molecules 

Parameters for the Karpova et al data simulation 

kini 60 min
-1

 

1 step k mRNAprod 3*10
1
 min

-1
 

1 step k mRNAdeg 2*10
-1

 min
-1

 

total protein binding to PR3 3*10
3
 

number of 

molecules 

total protein binding to PR2, 

including pol 
1.5*10

4 number of 

molecules 

Table 3.S.4: Parameters for transcription nine-state promoter model. Protein 

association and dissociation rate constants and concentrations were calculated in the 

same way as shown in Tab. 3.S.3. The modification rate constants were chosen in such 

a way as to give the same effective rates as a single protein-binding step in order to 
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reduce the noise in the waiting times. The values are in the range for kcat of chromatin 

modifying enzymes measured in vitro (Schultz et al., 2004; Thompson et al., 2001; 

Yue et al., 2007). For models used to simulate data additional parameters and 

parameters different from the main model are given. For the simulation of Karpova et 

al data, the initiation rate constant was taken to be faster than the Pol II off-rate. The 

rates of the mRNA elongation (modeled as N=30 process) and degradation (modeled 

as N=20 process) were adjusted to fit the data. 
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Constant Value Units 

kon p1/p2 step1 6*10
-4

 min
-1

 

koff p1/p2 step1 6*10
-2

 min
-1

 

kon p1/p2 step2 1*10
-3

 min
-1

 

koff p1/p2 step2 10
-1

 min
-1

 

kon p3/p4 1 step1 1.14*10
-3

 min
-1

 

koff p3/p4 1 step1 1.14*10
-1

 min
-1

 

kon p3/p4 2 step2 1.2*10
-3

 min
-1-

 

koff p3/p4 2 step2 1.2*10
-1

 min
-1

 

kon p5 1.32*10
-3

 min
-1

 

koff p5 1.32*10
-1

 min
-1

 

kmod 7.8*10
-1

 min
-1

 

k loopon 7.8*10
-1

 min
-1

 

k loopoff 7.8*10
-2

 min
-1

 

1 step k mRNAprod 1.44 min
-1

 

1 step k mRNAdeg 6.6*10
-1

 min
-1

 

protein total 500 number of molecules 

re/tss 1 number of molecules 

Parameters for the competitive deactivation model 

kon pol 6*10
-2 

min
-1

 

koff pol 6*10
-1 

min
-1

 

kini 60 min
-1

 

pol 10
4 

number of molecules 

Parameters for the Saramaki et al data simulation 

protein total 450 number of molecules 

kpol mod 1.6 min
-1

 

kesc 6*10
-1

 min
-1

 

Table 3.S.5: Parameters for promoter model with looping between RE and TSS. 
Protein association and dissociation rate constants and concentrations were calculated 

in the same way as shown in Tab. 3.S.3. Only the new mRNA synthesis was modeled. 

As the number of states is lower in this model, a lower degree of reversibility is 
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required to reach comparable passive synchronization as in nine state model, hence the 

lower off rates, The on-rate of the loop formation was taken as an estimation from the 

data presented in (Polikanov et al., 2007), which suggest the average rate for the DNA 

loop of comparable length in vitro is at least faster than 60 s. The loop was assumed to 

be stable (Kd = 10
12

) due to big protein interaction surface. For the competitive model 

the initiation rate constant was taken to be faster than the Pol II off-rate. The 

elongation and export time for were estimated from data available in literature 

(Darzacq et al., 2005; Izban and Luse, 1992; Mason and Struhl, 2005; Uptain et al., 

1997) and modeled as a multi-step process (N = 30). A 30 min life time was assumed; 

degradation was modeled as multi-step process with (N=20). For the simulation of 

Saramki et al data, the polymerase modification step and promoter step were modeled 

explicitly; protein concentrations were adjusted to fit the data. 
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model(main text 

figure) 

model 

scheme 

model  

parameters 

Plotted promoter/mRNA states  

Nine state 

promoter model 

(Fig. 4.4) 

Fig. 

4.S.6A 

and D 

Tab. 4.S.4 Unbound pr2 (blue), pr4 (green), pr6 

(red), pr8 (orange) (Fig. S4B) 

Model with two 

looping events and 

mRNA production 

(Fig. 4.5) 

Fig. 

4.S.6B, 

D-F 

Tab. 4.S.5 Sum of all bound re1 (green), sum of 

re2 (orange), re3 (red), re4 (purple) 

and re5 (blue) states (Fig.5B) 

Sum of all bound tss1 (light blue), 

sum of tss2 (orange), tss3 (red), and 

tss4 (grey) states (Fig.5C) 

Loop (Fig.5D), sum of mRNA[31-47] 

(Fig.5E) 

 

Simulation of data 

Metivier et al 

(Fig.4.6.A) 

Fig. 

4.S6A 

and D 

Tab.4.S.4 Sum p4 bound pr2 (purple), p3 bound 

pr3 (dark blue), sum all pr7 states 

(green), sum all pr7 and pr8 

states(green), sum all pr5 states (red) , 

sum all pr4,pr5 and pr6 states (blue) 

Simulation of data 

Karpova et al 

(Fig.4.6.A) 

Fig. S6A 

and D 

Tab. 4.S.4 mRNA[2] 

Simulation of data 

Saramaki et al 

(Fig.4.6.B) 

Fig. 

S6C, 

D,E,G 

Tab. 4.S.5 Loop (black), tss3-epol (red)  

 

Table 3.S.6: The summary of the information about different promoter models. 

The specifications (structures and parameters) of each model are given, and the states 

plotted in the main text figures are described. 
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